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Abstract. Let p be an analytic function defined on the open unit disc D with p(0) = 1
and 0 < α ≤ 1. The conditions on complex valued functions C, D and E are obtained for
p to be subordinate to ((1+z)/(1−z))α when C(z)z2p′′(z)+D(z)zp′(z)+E(z)p(z) = 0.
Sufficient conditions for confluent (Kummer) hypergeometric function and generalized
and normalized Bessel function of the first kind of complex order to be subordinate to
((1 + z)/(1− z))α are obtained as applications. The conditions on α and β are derived
for p to be subordinate to ((1 + z)/(1 − z))α when 1 + βzp′(z)/pn(z) with n = 1, 2 is
subordinate to 1 + 4z/3 + 2z2/3 =: ϕCAR(z). Similar problems were investigated for
Re p(z) > 0 when the functions p(z) + βzp′(z)/pn(z) with n = 0, 2 is subordinate to
ϕCAR(z). The condition on β is determined for p to be subordinate to ((1 + z)/(1− z))α
when p(z) + βzp′(z)/pn(z) with n = 0, 1, 2 is subordinate to ((1 + z)/(1− z))α.
1. introduction
For a natural number n, let H[a, n] be the class of all analytic functions p defined on
the open unit disc D of the form p(z) = a+ pnzn + pn+1zn+1 + · · · . An analytic function
p ∈ H[1, 1] is a function with a positive real part if Re p(z) > 0 and the class of all such
functions is denoted by P . Let An = {zh : h ∈ H[1, n]} and let A := A1. Let S denote
the subclass of A consisting of univalent (one-to-one) functions. For an analytic function
ϕ with ϕ(0) = 1, let
S∗(ϕ) :=
{
f ∈ A : zf
′(z)
f(z)
≺ ϕ(z)
}
.
This class unifies various classes of starlike functions when Reϕ > 0. Shanmugam [23]
studied the convolution properties of this class when ϕ is convex while Ma and Minda
[13] investigated the growth, distortion and coefficient estimates under less restrictive
assumption that ϕ is starlike and ϕ(D) is symmetric with respect to the real axis. For
0 ≤ α < 1, the class S∗((1 + (1− 2α)z)/(1− z)) =: S∗(α) is the class of starlike functions
of order α, introduced by Robertson [21]. The class S∗ := S∗(0) is the familiar class of
starlike functions. For 0 < α ≤ 1, S∗[α] := S∗(((1 + z)/(1− z))α) is the class of strongly
starlike functions of order α. For 0 ≤ β < 1, a function f ∈ A is said to be close-to-
convex of order β [10, 16] if Re(zf ′(z)/g(z)) > β for some g ∈ S∗ (in general, g need not
be normalized but we add this extra normalization). More results regarding these classes
can be found in [9, 12]. Recently, the authors have investigated the sufficient conditions
for a function to belong to various subclasses of starlike functions in [20,26,27]. The class
S∗C := S∗(ϕCAR), where ϕCAR(z) = 1 + 4z/3 + 2z2/3 was introduced and studied recently
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in [20, 25, 26]. Precisely, f ∈ S∗C provided zf ′(z)/f(z) lies in the region bounded by the
cardioid
ΩC :=
{
w = u+ iv : (9u2 + 9v2 − 18u+ 5)2 − 16(9u2 + 9v2 − 6u+ 1) = 0} .
The functions
f1(z) =
4z
(2− z)2 and f2(z) = z
(
1 +
z
4
)2
belong to the class S∗C . The image of the unit disc under the function qi(z) := zf
′
i(z)/fi(z),
(i = 1, 2) is contained inside the cardioid ΩC (see Figure 1).
Figure 1. Graph showing qi(D) ⊂ ΩC (i = 1, 2).
In Section 2, we investigate the conditions on complex valued functions C,D and E
so that C(z)z2p′′(z) +D(z)zp′(z) + E(z)p(z) = 0 implies that p(z) ≺ ((1 + z)/(1− z))α,
(0 < α ≤ 1). As an application, we obtain sufficient conditions for generalized and
normalized Bessel function of the first kind of complex order and confluent (Kummer)
hypergeometric function to be subordinate to ((1 + z)/(1 − z))α. These results are the
extension of [5, Theorem 2.2, p. 29] for | arg(p(z))| < αpi/2. As an application, we
also deduce some conditions on the functions f ∈ A, g ∈ H[1, 1] so that their product
fg ∈ S∗[α]. We also obtained the sufficient conditions for h ∈ An to belong to the class
S∗[α].
A convex function is starlike of order 1/2; analytically, p(z)+zp′(z)/p(z) ≺ (1+z)/(1−z)
implies that p(z) ≺ 1/(1 − z). Similarly, a sufficient condition for a function p to be a
function with positive real part is that p(z) + zp′(z)/p(z) ≺ R(z), where R is the open
door mapping given by R(z) := (1 + z2 + 4z)/(1− z2). Several authors have investigated
similar results for functions to belong to certain regions in right half plane. For example,
Ali et al. [3] determined the condition on β for p(z) ≺ √1 + z when 1 + βzp′(z)/pn(z)
with n = 0, 1, 2 or (1 − β)p(z) + βp2(z) + βzp′(z) is subordinate to √1 + z. For related
results, see [2, 3, 17, 20, 24, 26, 28]. We investigate a similar problem for regions that
were considered recently by many authors. In Section 3, we determine conditions on
α and β so that p(z) ≺ ((1 + z)/(1 − z))α, (0 < α ≤ 1) when 1 + βzp′(z)/p(z) or
1 + βzp′(z)/p2(z) ≺ ϕCAR(z). Condition on β is also determined so that p(z) + βzp′(z)
or p(z) + βzp′(z)/p2(z) ≺ ϕCAR(z) implies p(z) ≺ (1 + z)/(1 − z). For 0 < α ≤ 1, we
also find conditions on α and β so that p(z) + βzp′(z)/pk(z), (k = 0, 1, 2) is subordinate
to ((1 + z)/(1− z))α implies p(z) ≺ ((1 + z)/(1− z))α. As an application of our results,
SUFFICIENT CONDITIONS FOR STRONG STARLIKENESS 3
we give sufficient conditions for f ∈ A to belong to the various subclasses of starlike
functions.
The following results are required in our investigation.
Lemma 1.1. [16, Theorem 2.3i, p.35] Let Ω ⊂ C and suppose that ψ : C3 × D → C
satisfies the condition ψ(iρ, σ, µ + iν; z) /∈ Ω whenever ρ, σ, µ and ν are real numbers,
σ ≤ −n(1 + ρ2)/2, µ+ σ ≤ 0. If p ∈ H[1, n] and ψ(p(z), zp′(z), z2p′′(z); z) ∈ Ω for z ∈ D,
then Re p(z) > 0 in D.
Lemma 1.2. [16, Theorem 3.4i, p.134] Let q be univalent in D and let ϕ and ν be analytic
in a domain D containing q(D) with ϕ(w) 6= 0 when w ∈ q(D). Set Q(z) := zq′(z)ϕ(q(z)),
h(z) := ν(q(z))+Q(z). Suppose that (i) either h is convex or Q(z) is starlike univalent in
D and (ii) Re(zh′(z)/Q(z)) > 0 for z ∈ D. If p is analytic in D, p(0) = q(0) and satisfies
(1.1) ν(p(z)) + zp′(z)ϕ(p(z)) ≺ ν(q(z)) + zq′(z)ϕ(q(z)),
then p ≺ q and q is the best dominant.
Lemma 1.3. [16, Theorem 3.4a, p.120] Let q be analytic in D and φ be analytic in a
domain D containing q(D) and suppose that (i) Reφ(q(z)) > 0 and either (ii) q is convex,
or (iii) Q(z) = zq′(z)φ(q(z)) is starlike. If p is analytic in D, p(0) = q(0), p(D) ⊂ D and
p(z) + zp′(z)φ(p(z)) ≺ q(z), then p ≺ q.
2. Results associated with strong starlikeness
In the first result, we derived the conditions on the complex valued functions C,D and
E so that C(z)z2p′′(z)+D(z)zp′(z)+E(z)p(z) = 0 implies that p(z) ≺ ((1+z)/(1−z))α,
(0 < α ≤ 1).
Theorem 2.1. Let n be a positive integer, 0 < α ≤ 1, C(z) = C ≥ 0. Suppose that the
functions D,E : D→ C satisfy
(2.1) | ImE(z)| < nα(ReD(z)− C).
If p ∈ H[1, n] satisfies the equation
(2.2) Cz2p′′(z) +D(z)zp′(z) + E(z)p(z) = 0
and p(z) 6= 0, then p(z) ≺ ((1 + z)/(1− z))α.
Proof. For p ∈ H[1, n] with p(z) 6= 0, define the function q : D→ C by
(2.3) q(z) = p
1
α (z).
Then q is analytic in D and q(0) = 1. Note that
(2.4) p(z) = qα(z),
(2.5) p′(z) = αqα−1(z)q′(z)
and
(2.6) p′′(z) = α((α− 1)qα−2(z)(q′(z))2 + qα−1(z)q′′(z)).
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Using (2.4), (2.5) and (2.6) in (2.2), a simple computation shows that q satisfies the
following equation
Cα((α− 1)(zq
′(z))2
q(z)
+ z2q′′(z)) +D(z)αzq′(z) + E(z)q(z) = 0.(2.7)
Let ψ : C3 × D→ C be defined by
(2.8) ψ(r, s, t; z) = Cα((α− 1)s
2
r
+ t) +D(z)αs+ E(z)r.
Then the condition (2.7) is same as ψ(q(z), zq′(z), z2q′′(z); z) ∈ Ω = {0}. To show that
Re q(z) > 0 for z ∈ D, by Lemma 1.1, it is sufficient to prove that Reψ(iρ, σ, µ+iν; z) < 0
for z ∈ D, and for all real ρ, σ, µ and ν satisfying σ ≤ −n(1 + ρ2)/2, µ + σ ≤ 0. For
z ∈ D, it follows from (2.8) that
(2.9) Reψ(iρ, σ, µ+ iν; z) = Cαµ+ ReD(z)ασ − ImE(z)ρ.
Using conditions ReD(z) > C ≥ 0, µ+ σ ≤ 0 and σ ≤ −n(1 + ρ2)/2, we get
Cαµ+ ReD(z)σα ≤ −Cασ + ReD(z)σα ≤ −n(1 + ρ2)α(ReD(z)− C)/2.
Thus from (2.9), we have
Reψ(iρ, σ, µ+ iν; z) ≤ −n
2
(1 + ρ2)α(ReD(z)− C)− ImE(z)ρ
= −n
2
α(ReD(z)− C)ρ2 − ImE(z)ρ− n
2
α(ReD(z)− C)
=: aρ2 + bρ+ c,
where a = c = −nα(ReD(z)−C)/2 and b = − ImE(z). In view of (2.1), we see that a < 0
and b2 − 4ac < 0 and hence aρ2 + bρ+ c < 0 which proves that Reψ(iρ, σ, µ+ iν; z) < 0
for all z ∈ D. Hence by Lemma 1.1, we deduce that Re q(z) > 0 and by using (2.3), it
reduces to
p
1
α (z) ≺ 1 + z
1− z
which implies that p(z) ≺ ((1 + z)/(1− z))α.
By taking α = 1 in Theorem 2.1, we get the following result.
Corollary 2.2. Let n be a positive integer, C(z) = C ≥ 0. Suppose that the functions
D,E : D→ C satisfy
| ImE(z)| < n(ReD(z)− C).
If p ∈ H[1, n] satisfies Cz2p′′(z)+D(z)zp′(z)+E(z)p(z) = 0 and p(z) 6= 0, then Re p(z) >
0.
By taking C(z) = 0 in Theorem 2.1, we get the following result for first order differential
subordination.
Corollary 2.3. Let n be a positive integer, 0 < α ≤ 1. Suppose that the functions
D,E : D→ C satisfy
| ImE(z)| < nαReD(z).
If p ∈ H[1, n] satisfies D(z)zp′(z) +E(z)p(z) = 0 and p(z) 6= 0, then p(z) ≺ ((1 + z)/(1−
z))α.
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Remark 2.4. The Corollary 2.3 for α = 1 should be compared with [16, Corollary 4.1a.1,
p. 189]
The confluent (Kummer) hypergeometric function Φ(a, c; z) is given by
Φ(a, c; z) =
Γ(c)
Γ(a)
∞∑
n=0
Γ(a+ n)
Γ(c+ n)
zn
n!
=
∞∑
n=0
(a)n
(c)n
zn
n!
,(2.10)
where a, c ∈ C, c 6= 0,−1,−2, · · · , and (λ)n denotes the Pochhammer symbol defined by
(λ)0 = 1, (λ)n = λ(λ + 1)n−1. The function Φ ∈ H[1, 1] is a solution of the differential
equation
zΦ′′(a, c; z) + (c− z)Φ′(a, c; z)− aΦ(a, c; z) = 0(2.11)
introduced by Kummer in 1837 [29]. The function Φ(a, c; z) satisfies the following recursive
relation
cΦ′(a; c; z) = aΦ(a+ 1; c+ 1; z).
When Re c > Re a > 0, the function Φ can be expressed in the integral form
Φ(a; c; z) =
Γ(c)
Γ(a)Γ(c− a)
∫ 1
0
ta−1(1− t)c−a−1etzdt.
There has been several works [1, 4, 14, 22] studying geometric properties of the function
Φ(a; c; z), such as on its close-to-convexity, starlikeness and convexity. By the use of
Theorem 2.1, we obtain the following sufficient conditions for Φ(a, c; z) ≺ ((1+z)/(1−z))α,
(0 < α ≤ 1).
Corollary 2.5. Let 0 < α ≤ 1. If a, c ∈ R satisfy
(2.12) |c− 1| >
√
1 + a2/α2
and Φ(a; c; z) 6= 0, then Φ(a; c; z) ≺ ((1 + z)/(1− z))α.
Proof. In view of (2.11), the function Φ(a, c; z) satisfies (2.2) with C(z) = 1, D(z) = c−z
and E(z) = −az. For z = x+ iy ∈ D, we have
(ImE(z))2 − (ReD(z)− C)2α2
= a2y2 − (c− x− 1)2α2
< a2(1− x2)− (c− x− 1)2α2
= −(a2 + α2)x2 + 2α2(c− 1)x+ (a2 − (c− 1)2α2) =: px2 + qx+ r,
where p = −(a2 + α2), q = 2α2(c − 1) and r = a2 − (c − 1)2α2. Clearly, p < 0 and
using (2.12), we get q2 − 4pr < 0. So, (ImE(z))2 < (ReD(z) − C)2α2 and thus, all the
conditions of the Theorem 2.1 are satisfied. Hence, Φ(a; c; z) ≺ ((1 + z)/(1− z))α.
The following example illustrates the Corollary 2.5.
Example 2.6. Clearly, the following functions
Φ1(z) = Φ(2; 6; z) =
20 (z3 + 6z2 + 18z + 6ez(z − 4) + 24)
z5
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Φ2(z) = Φ(5; 10; z) =
15120
z9
(
− z4 − 20z3 − 180z2 + ez(z4 − 20z3 + 180z2 − 840z + 1680)
− 840z − 1680
)
satisfy the hypothesis of Corollary 2.5. Therefore Φi(z) ≺ ((1+z)/(1−z))αi (for i = 1, 2)
with α1 > 1/
√
6 and α2 >
√
5/4. These subordinations are illustrated graphically in
Figure 2.
Figure 2. Graph showing Φi(z) ≺ ((1 + z)/(1 − z))αi (i = 1, 2) with
α1 > 1/
√
6 and α2 >
√
5/4.
Remark 2.7. Taking α = 1 in Corollary 2.5, we get the following well known result [16,
Lemma 4.5a, p. 232]:
If a, c ∈ R such that c > 1 +√1 + a2, then Re Φ(a; c; z) > 0.
Next, we study the generalized and normalized Bessel function of the first kind of order
p, up(z) = up,b,c(z) given by the power series
up(z) =
∞∑
n=0
(−c/4)n
(k)n
zn
n!
,
where b, p, c ∈ C such that k = p + (b + 1)/2 and k 6= 0,−1,−2, · · · . The function
up ∈ H[1, 1] is a solution of the differential equation
(2.13) 4z2u′′p(z) + 4kzu
′
p(z) + czup(z) = 0.
The function up(z) also satisfy the following recursive relation
4kup(z) = −cup+1(z),
which is useful for studying its various geometric properties. More results regarding this
function can be found in [5–7]. By the use of Theorem 2.1, we obtain the following
sufficient conditions for up(z) ≺ ((1 + z)/(1− z))α (0 < α ≤ 1).
Corollary 2.8. Suppose that 0 < α ≤ 1 and if b, p, c ∈ R satisfy the following condition
(2.14) |c| < 4α(k − 1)
and up(z) 6= 0, then up(z) ≺ ((1 + z)/(1− z))α.
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Proof. In view of (2.13), the function up(z) satisfies (2.2) with C(z) = 4, D(z) = 4k and
E(z) = cz. Also, note that c 6= 0 and k > 1. For z = x+ iy ∈ D, we have
(ImE(z))2 − (ReD(z)− C)2α2
= c2y2 − (4k − 4)2α2
< c2(1− x2)− 16(k − 1)2α2
= −c2x2 − 16(k − 1)2α2 + c2 =: Px2 +Qx+R,
where P = −c2, Q = 0 and R = −16(k − 1)2α2 + c2. Clearly, P < 0 and from (2.14),
we get Q2 − 4PR < 0. So, (ImE(z))2 − (ReD(z)− C)2α2 < 0 . Therefore, by applying
Theorem 2.1, we conclude that up(z) ≺ ((1 + z)/(1− z))α.
It is appealing to note that the above corollary is significant and leads to various inter-
esting relations involving the generalized and normalized Bessel function and trigonomet-
ric functions by selecting the suitable choices of the parameters involved. The following
example illustrates the Corollary 2.8.
Example 2.9. Clearly, the following functions
u2(z) = u2,2,6(z) = − 5
4
√
6
(
(2z − 1) sin(√6z)
z5/2
+
√
6 cos(
√
6z)
z2
)
u7(z) = u7,6,10(z) =
26.189163
16
(9√10 sin(√10z)
z19/2
(
2000z4 − 61600z3 + 420420z2 − 720720z
+ 153153
)
− 10 cos(
√
10z)
z9
(
400z4 − 39600z3 + 540540z2 − 1891890z
+ 1378377
))
satisfy the hypothesis of Corollary 2.8. Therefore ui(z) ≺ ((1 + z)/(1− z))αi (for i = 2, 7)
with α2 > 3/5 and α7 > 5/19. These subordinations are illustrated graphically in Figure
3.
Figure 3. Graph showing ui(z) ≺ ((1 + z)/(1 − z))αi (i = 2, 7) with
α2 > 3/5 and α7 > 5/19.
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Remark 2.10. For α = 1, Corollary 2.8 reduces to the following result [5, Theorem 2.2, p.
29]:
If b, p, c ∈ R such that k > (|c|/4) + 1, then Reup(z) > 0 for all z ∈ D.
The following result gives the sufficient conditions for functions h ∈ An to belong to
the class of strongly starlike functions of order α.
Corollary 2.11. Let n be a positive integer, 0 < α ≤ 1 and C(z) = C ≥ 0. Suppose the
functions D,E : D→ C satisfy
| ImE(z)| < nα(ReD(z)− C).
If h ∈ An satisfy
C
(
2
(zh′(z)
h(z)
)3
− 3z
3h′(z)h′′(z)
h2(z)
+
z3h′′′(z)
h(z)
)
+ (2C +D(z))
(z2h′′(z)
h(z)
−
(zh′(z)
h(z)
)2)
+ (D(z) + E(z))
zh′(z)
h(z)
= 0,
then h ∈ S∗[α].
Proof. Let the function p : D → C be defined by p(z) = zh′(z)/h(z). Then p is analytic
in D with p(0) = 1. A calculation shows that
zp′(z)
p(z)
= 1 +
zh′′(z)
h′(z)
− zh
′(z)
h(z)
.
The result now follows from Theorem 2.1.
We obtain our next result by taking n = 1, C(z) = 0, D(z) = 1, h(z) = f(z)g(z) with
f ∈ A, g ∈ H[1, 1] and E(z) = −1− zh′′(z)/h′(z) + zh′(z)/h(z) in Corollary 2.11.
Corollary 2.12. Let 0 < α ≤ 1. Suppose that the functions f ∈ A, g ∈ H[1, 1] satisfy∣∣∣ Im(1 + zf ′′(z)g(z) + 2zf ′(z)g′(z) + zg′′(z)f(z)
f ′(z)g(z) + g′(z)f(z)
)
−
(
zf ′(z)
f(z)
+
zg′(z)
g(z)
) ∣∣∣ < α,
then fg ∈ S∗[α].
Remark 2.13. For g(z) ≡ 1, Corollary 2.12 reduces to the following result:
Let 0 < α ≤ 1. Suppose that the function f ∈ A satisfy∣∣∣ Im(1 + zf ′′(z)
f ′(z)
− zf
′(z)
f(z)
)∣∣∣ < α,
then f ∈ S∗[α].
3. Differential Subordination for strong starlikeness of order α
Let p be an analytic function in D with p(0) = 1. In the first two results, condition on
β is obtained so that the subordination
1 + β
zp′(z)
pk(z)
≺ ϕCAR(z) (k = 1, 2)
implies p(z) ≺ ((1 + z)/(1− z))α (0 < α ≤ 1).
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Theorem 3.1. Let p be an analytic function defined on D with p(0) = 1 satisfying
1 + β
zp′(z)
p(z)
≺ ϕCAR(z).
If |β| ≥ (
√
(4
√
3 + 8)/(3
√
3))/α ' 1.6947/α (0 < α ≤ 1), then p(z) ≺ ((1 + z)/(1− z))α.
Proof. Define the function q : D → C by q(z) = ((1 + z)/(1 − z))α (0 < α ≤ 1) with
q(0) = 1. Let us define ϕ(w) = β/w, ν(w) = 1 and
Q(z) := zq′(z)ϕ(q(z)) =
βzq′(z)
q(z)
=
2αβz
1− z2 .
Since the mapping z/(1 − z2) maps D onto the entire plane minus the two half lines
1/2 ≤ y < ∞ and −∞ < y ≤ −1/2, Q(z) is starlike univalent in D. It follows from
Lemma 1.2, that the subordination
1 + β
zp′(z)
p(z)
≺ 1 + β zq
′(z)
q(z)
implies p(z) ≺ q(z). The theorem is proved by computing β so that
(3.1) ϕCAR(z) := 1 +
4z
3
+
2z2
3
≺ 1 + β zq
′(z)
q(z)
= 1 +
2αβz
1− z2 := h(z).
Clearly, ϕCAR(D) =
{
w ∈ C : | − 2 +√6w − 2| < 2}. The subordination ϕCAR(z) ≺ h(z)
holds if ∂h(D) ⊂ C \ ϕCAR(D). Thus, by using the definition of h as given in (3.1), the
subordination ϕCAR(z) ≺ h(z) holds if for t ∈ [−pi, pi], we have
(3.2)
∣∣∣∣∣
√
4 +
12αβeit
1− e2it − 2
∣∣∣∣∣ ≥ 2.
Set
(3.3) w = u+ iv = 4 + (12αβeit)/(1− e2it).
Then, condition (3.2) holds if |√w − 2| ≥ 2 which is same as |w| ≥ 4 Re(√w) or equiva-
lently if
(3.4) (u2 + v2 − 8u)2 − 64(u2 + v2) ≥ 0.
From (3.3), we get u = 4 and v = (6αβ)/ sin t. Using these, we see that (3.4) reduces to
g(t) :=
48
sin4 t
(−16 sin4 t− 72α2β2 sin2 t+ 27α4β4) ≥ 0 (0 ≤ t ≤ 2pi).
Since g(t) = g(−t), we restrict to 0 ≤ t ≤ pi. Writing x = sin t, the problem reduces to
finding the values of β for which
f(x) := −16x4 − 72α2β2x2 + 27α4β4 ≥ 0 (0 ≤ x ≤ 1).
The function f is decreasing as f ′(x) = −144α2β2x − 64x3 < 0 and therefore, f(x) ≥
f(1) = −16− 72α2β2 + 27α4β4 ≥ 0 using the hypothesis that
|β| ≥ (√(4√3 + 8)/(3√3))/α ' 1.6947/α.
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Theorem 3.2. Let p be an analytic function defined on D with p(0) = 1 satisfying
1 + β
zp′(z)
p2(z)
≺ ϕCAR(z),
then the following results hold:
(a) If β ≥ 4 or β ≤ −4/3, then p(z) ≺ (1 + z)/(1− z).
(b) If β > 0 and 0 < α < 1 satisfy
9α2β2
(1− α
1 + α
)α
(1− α2)−2
(
− 8 + α2
(
8 + 3β2
(1− α
1 + α
)α))
− 64αβ(1− α2)− 12
(√1− α
1 + α
)α
sin
(αpi
2
) ≥ 16,(3.5)
then p(z) ≺ ((1 + z)/(1− z))α.
Proof. Define the function q : D → C by q(z) = ((1 + z)/(1 − z))α (0 < α ≤ 1). Let us
define ϕ(w) = β/w2, ν(w) = 1 and Q(z) = zq′(z)ϕ(q(z)) = (2αβz(1− z)α)/((1− z2)(1 +
z)α). A computation shows that
zQ′(z)
Q(z)
=
1 + z2 − 2αz
1− z2 .
Let z = reit,−pi ≤ t ≤ pi, 0 ≤ r < 1. Then
Re
(
1 + z2 − 2αz
1− z2
)
=
(1− r2)(1 + r2 − 2αr cos t)
(1− r2 cos 2t)2 + (r2 sin 2t)2 .
Since 0 < α ≤ 1, 0 ≤ r < 1, we have 1 + r2 − 2αr cos t ≥ 1 + r2 − 2αr ≥ (1 − αr)2 > 0
and so, it follows that Q is starlike in D. As a consequence, the subordination
1 + β
zp′(z)
p2(z)
≺ 1 + β zq
′(z)
q2(z)
implies p(z) ≺ q(z) by Lemma 1.2. We complete the proof by showing
(3.6) ϕCAR(z) := 1 +
4z
3
+
2z2
3
≺ 1 + β zq
′(z)
q2(z)
= 1 +
2αβz(1− z)α
(1− z2)(1 + z)α := h(z).
Then ϕCAR(D) =
{
w ∈ C : | − 2 +√6w − 2| < 2}. The subordination ϕCAR(z) ≺ h(z)
holds if ∂h(D) ⊂ C \ ϕCAR(D). Thus, by using the definition of h as given in (3.6), the
subordination ϕCAR(z) ≺ h(z) holds if for t ∈ [−pi, pi], we have∣∣∣∣∣
√
4 +
12αβeit(1− eit)α
(1− e2it)(1 + eit)α − 2
∣∣∣∣∣ ≥ 2.
Let
(3.7) w = u+ iv = 4 +
12αβeit(1− eit)α
(1− e2it)(1 + eit)α .
Then, proceeding as in Theorem 3.1, we have to show (3.4). From (3.7), we get
u = 4 +
6αβ sin(αpi/2)(sin t/2)α
sin t(cos t/2)α
, v =
6αβ cos(αpi/2)(sin t/2)α
sin t(cos t/2)α
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and using these, we see that the inequality (3.4) reduces to
−16 + αβ csc t(tanα t/2)(−64 sin(αpi/2) + 9αβ csc t(tanα t/2)(−8
+ 3α2β2 csc2 t tan2α t/2)) ≥ 0.
Under the given hypothesis, we show that f(x) ≥ 0 for 0 ≤ x ≤ 1, where x = cos t/2 and
f(x) = −16+ αβ
2x
√
1− x2
(√1− x2
x
)α(
− 64 sin(αpi/2)
+
9αβ
2x
√
1− x2
(√1− x2
x
)α(
− 8 + 3α
2β2
4x2(1− x2)
(1− x2
x2
)α))
.
(3.8)
(a) If α = 1, then (3.8) reduces to f(x) = (4x2 + 3β)3(β− 4x2)/16x8. Clearly, f(x) ≥ 0
if β ≤ −4/3 or β ≥ 4.
(b) Assume that 0 < α < 1. A simple computation shows that f ′(x) = 0 if x =
±√(1 + α)/2. Then √(1 + α)/2 ∈ [0, 1] and f ′′(√(1 + α)/2) > 0 if β > 0. Therefore,
f(x) ≥ f(√(1 + α)/2) for β > 0. Observe that
f(
√
(1 + α)/2) = −16 + 9α2β2
(1− α
1 + α
)α
(1− α2)−2
(
− 8 + α2
(
8 + 3β2
(1− α
1 + α
)α))
− 64αβ(1− α2)−1/2
(√1− α
1 + α
)α
sin
(αpi
2
)
and f(
√
(1 + α)/2) ≥ 0 by (3.5). This completes our proof.
The next result depicts the condition on β so that the subordination
p(z) + β
zp′(z)
pk(z)
≺
(1 + z
1− z
)α
(k = 0, 1, 2)
implies p(z) ≺ ((1 + z)/(1− z))α, where p is an analytic function in D with p(0) = 1 and
0 < α ≤ 1.
Theorem 3.3. Let p be an analytic function defined on D with p(0) = 1. Then following
are the sufficient conditions for p(z) ≺ ((1 + z)/(1− z))α (0 < α ≤ 1).
(a) The function p satisfies the subordination
p(z) + βzp′(z) ≺
(1 + z
1− z
)α
(β > 0).
(b) The function p satisfies the subordination
p(z) + β
zp′(z)
p(z)
≺
(1 + z
1− z
)α
(β > 0).
(c) The function p satisfies the subordination
p(z) + β
zp′(z)
p2(z)
≺
(1 + z
1− z
)α
(either 0 < α <
1
2
, β > 0 or
1
2
< α ≤ 1, β < 0).
Proof. Define the function q : D → C by q(z) = ((1 + z)/(1 − z))α (0 < α ≤ 1), with
q(0) = 1. Clearly, the function q is convex in D.
(a) Let us define φ(w) = β (β > 0). Since Reφ(q(z)) = β > 0, the result now follows
from Lemma 1.3.
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(b) Define the function φ as φ(w) = β/w (β > 0). Consider
Reφ(q(z)) = β Re
(
1
q(z)
)
> 0.
The result now follows from Lemma 1.3.
(c) We define the function φ as φ(w) = β/w2. A simple computation shows that
φ(q(z)) = β
(
1
q2(z)
)
= β
(1− z
1 + z
)2α
=: M(z).
and for −pi ≤ t ≤ pi,
Re(M(eit)) = β cos(αpi)
( sin t/2
cos t/2
)2α
.
It is easy to see that Re(M(eit)) > 0 if either 0 < α < 1/2, β > 0 or 1/2 < α ≤ 1, β < 0.
This completes the proof by the use of Lemma 1.3.
We will illustrate the above three theorems by the following examples. By taking
p(z) = zf ′(z)/f(z) in Theorems 3.1, 3.2 and 3.3 gives the following example:
Example 3.4. Let f ∈ A and 0 < α ≤ 1. The following are some sufficient conditions
for the function f ∈ S∗[α] :
(1) The function f satisfies the subordination
1 + β
(
1 +
zf ′′(z)
f ′(z)
− zf
′(z)
f(z)
)
≺ ϕCAR(z)
(
|β| ≥ 1
α
√
4
√
3 + 8
3
√
3
' 1.6947
α
)
.
(2) The function f satisfies the subordination
1− β + β
1 + zf
′′(z)
f ′(z)
zf ′(z)
f(z)
≺ ϕCAR(z).
where 0 < α < 1 and β > 0 satisfy
9α2β2
(1− α
1 + α
)α
(1− α2)−2
(
− 8 + α2
(
8 + 3β2
(1− α
1 + α
)α))
− 64αβ(1− α2)− 12
(√1− α
1 + α
)α
sin
(αpi
2
) ≥ 16.
(3) The function f satisfies the subordination
zf ′(z)
f(z)
+ β
zf ′(z)
f(z)
(
1 +
zf ′′(z)
f ′(z)
− zf
′(z)
f(z)
)
≺
(1 + z
1− z
)α
(β > 0).
(4) The function f satisfies the subordination
(1− β)zf
′(z)
f(z)
+ β
(
1 +
zf ′′(z)
f ′(z)
)
≺
(1 + z
1− z
)α
(β > 0).
(5) The function f satisfies the subordination
zf ′(z)
f(z)
− β + β
1 + zf
′′(z)
f ′(z)
zf ′(z)
f(z)
≺
(1 + z
1− z
)α
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whenever either 0 < α < 1
2
, β > 0 or 1
2
< α ≤ 1, β < 0.
By taking p(z) = f ′(z) in Theorems 3.1, 3.2 and 3.3 gives the following example:
Example 3.5. Let f ∈ A and 0 < α ≤ 1. The following are the sufficient conditions for
the function f ′(z) ≺ ((1 + z)/(1− z))α :
(1) The function f satisfies the subordination
1 + β
(
zf ′′(z)
f ′(z)
)
≺ ϕCAR(z)
(
|β| ≥ 1
α
√
4
√
3 + 8
3
√
3
' 1.6947
α
)
.
(2) The function f satisfies the subordination
1 + β
(
zf ′′(z)
(f ′(z))2
)
≺ ϕCAR(z),
where 0 < α < 1 and β > 0 satisfy
9α2β2
(1− α
1 + α
)α
(1− α2)−2
(
− 8 + α2
(
8 + 3β2
(1− α
1 + α
)α))
− 64αβ(1− α2)− 12
(√1− α
1 + α
)α
sin
(αpi
2
) ≥ 16.
(3) The function f satisfies the subordination
f ′(z) + βzf ′′(z) ≺
(1 + z
1− z
)α
(β > 0).
(4) The function f satisfies the subordination
f ′(z) + β
(
zf ′′(z)
f ′(z)
)
≺
(1 + z
1− z
)α
(β > 0).
(5) The function f satisfies the subordination
f ′(z) + β
(
zf ′′(z)
(f ′(z))2
)
≺
(1 + z
1− z
)α
(either 0 < α <
1
2
, β > 0 or
1
2
< α ≤ 1, β < 0).
The five parts of the next example are obtained by taking p(z) = z2f ′(z)/f 2(z) in
Theorems 3.1, 3.2 and 3.3 respectively.
Example 3.6. Let f ∈ A and 0 < α ≤ 1. The following are the sufficient conditions for
the function z2f ′(z)/f 2(z) ≺ ((1 + z)/(1− z))α :
(1) The function f satisfies
1 + β
(
(zf(z))′′
f ′(z)
− 2zf
′(z)
f(z)
)
≺ ϕCAR(z)
(
|β| ≥ 1
α
√
4
√
3 + 8
3
√
3
' 1.6947
α
)
.
(2) The function f satisfies the subordination
1 + β
f 2(z)
z2f ′(z)
(
(zf(z))′′
f ′(z)
− 2zf
′(z)
f(z)
)
≺ ϕCAR(z).
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where 0 < α < 1 and β > 0 satisfy
9α2β2
(1− α
1 + α
)α
(1− α2)−2
(
− 8 + α2
(
8 + 3β2
(1− α
1 + α
)α))
− 64αβ(1− α2)− 12
(√1− α
1 + α
)α
sin
(αpi
2
) ≥ 16.
(3) The function f satisfies
z2f ′(z)
f 2(z)
+ β
z2f ′(z)
f 2(z)
(
(zf(z))′′
f ′(z)
− 2zf
′(z)
f(z)
)
≺
(1 + z
1− z
)α
(β > 0).
(4) The function f satisfies
z2f ′(z)
f 2(z)
+ β
(
(zf(z))′′
f ′(z)
− 2zf
′(z)
f(z)
)
≺
(1 + z
1− z
)α
(β > 0).
(5) Either 0 < α < 1/2, β > 0 or 1/2 < α ≤ 1, β < 0 and the function f satisfies the
subordination
z2f ′(z)
f 2(z)
+ β
f 2(z)
z2f ′(z)
(
(zf(z))′′
f ′(z)
− 2zf
′(z)
f(z)
)
≺
(1 + z
1− z
)α
.
Let p be an analytic function in D with p(0) = 1. In the next result, condition on β is
obtained so that the subordination p(z)+βzp′(z) ≺ ϕCAR(z) implies p(z) ≺ (1+z)/(1−z).
Theorem 3.7. Let p be an analytic function defined on D with p(0) = 1 satisfying
p(z) + βzp′(z) ≺ ϕCAR(z) for β ≥ 0.
Then p(z) ≺ (1 + z)/(1− z).
Proof. Obviously, the result hold for β = 0. Let us assume that β > 0. Define the function
q : D → C by q(z) = (1 + z)/(1 − z). Also define ν(w) := w and ϕ(w) := β. Note that
the functions ν and ϕ are analytic in C and ϕ(w) 6= 0. Consider the functions Q and h
defined as follows:
Q(z) := zq′(z)ϕ(q(z)) = βzq′(z) =
2βz
(1− z)2
and
h(z) := ν(q(z)) +Q(z) = q(z) +Q(z).
The function q is convex in D and therefore the function Q is starlike univalent in D which
further implies that
Re
(zh′(z)
Q(z)
)
=
1
β
+ Re
(zQ′(z)
Q(z)
)
> 0.
Since all the conditions of Lemma 1.2 are fulfilled, it follows that p(z) ≺ q(z). We complete
the proof by showing that
(3.9) ϕCAR(z) := 1 +
4z
3
+
2z2
3
≺ q(z) + βzq′(z) = 1 + z
1− z +
2βz
(1− z)2 := h(z).
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Proceeding as in Theorem 3.1 and by using the definition of h as given in (3.9), the
subordination ϕCAR(z) ≺ h(z) holds if the following condition holds:∣∣∣∣∣
√
−2 + 12βe
it
(1− eit)2 +
6(1 + eit)
1− eit − 2
∣∣∣∣∣ ≥ 2 (−pi ≤ t ≤ pi).
Set
w = u+ iv = −2 + 12βe
it
(1− eit)2 +
6(1 + eit)
1− eit
so that
u = −2− 3β
sin2(t/2)
and v =
6 cos(t/2)
sin(t/2)
.
Then, substituting the values of u and v in (3.4), we need to prove that, for −pi ≤ t ≤ pi
g(t) :=
−768
2 sin2 t/2
(6 + 5β + 3 cos t) +
432
sin4 t/2
(3 + β(6 + β)) +
648β2(1 + β)
sin6 t/2
+
81β4
sin8 t/2
≥ 0.
Observe that g(t) = g(−t) and after substituting x = sin(t/2), we see that the above
inequality holds if f(x) ≥ 0 for all x with 0 ≤ x ≤ 1, where
f(x) =
3
x8
(
27β4 + 216β2(1 + β)x2 + 144(3 + β(6 + β))x4 + 128(−9− 5β + 6x2)x6).
A simple computation shows that the function f is decreasing and therefore, f(x) ≥
f(1) = 3(6 + β)(2 + 3β)3 > 0 for β > 0. Hence, p(z) ≺ q(z).
The three parts of the next example are obtained by taking p(z) = zf ′(z)/f(z), p(z) =
f ′(z) and p(z) = z2f ′(z)/f 2(z) in Theorem 3.7 respectively.
Example 3.8. Let f ∈ A and β ≥ 0.
(1) If the function f satisfies the subordination
zf ′(z)
f(z)
+
βzf ′(z)
f(z)
(
1 +
zf ′′(z)
f ′(z)
− zf
′(z)
f(z)
)
≺ ϕCAR(z),
then f ∈ S∗.
(2) If the function f satisfies the subordination
f ′(z) + βzf ′′(z) ≺ ϕCAR(z),
then f ′(z) ∈ P.
(3) If the function f satisfies the subordination
z2f ′(z)
f 2(z)
+
βz2f ′(z)
f 2(z)
(
(zf(z))′′
f ′(z)
− 2zf
′(z)
f(z)
)
≺ ϕCAR(z),
then z2f ′(z)/f 2(z) ∈ P.
Let p be an analytic function in D with p(0) = 1. In the next result, condition on β is
obtained so that the subordination
p(z) + β
zp′(z)
p2(z)
≺ ϕCAR(z)
implies p(z) ≺ (1 + z)/(1− z).
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Theorem 3.9. Let p be an analytic function defined on D with p(0) = 1 satisfying
p(z) + β
zp′(z)
p2(z)
≺ ϕCAR(z) for β ≤ 0.
Then p(z) ≺ (1 + z)/(1− z).
Proof. For β = 0, result hold obviously. Let us assume that β < 0. Define the function
q : D → C by q(z) = (1 + z)/(1 − z). Also define the functions ν and ϕ by ν(w) = w
and ϕ(w) = β/w2. Clearly, the functions ν is analytic in C, ϕ is analytic in C \ {0} and
ϕ(w) 6= 0. Consider the functions Q and h defined as follows:
Q(z) := zq′(z)ϕ(q(z)) =
βzq′(z)
q2(z)
=
2βz
(1 + z)2
and
h(z) := ν(q(z)) +Q(z) = q(z) +Q(z).
Observe that
Re
(zQ′(z)
Q(z)
)
= Re
(1− z
1 + z
)
> 0.
This shows that Q(z) is starlike univalent in D. A computation shows that
zh′(z)
Q(z)
=
q2(z)
β
+
zQ′(z)
Q(z)
=
1
β
(
1 + z
1− z
)2
+
1− z
1 + z
=: H(z)
and
Re(H(eit)) = −(cot2(t/2))/β > 0.
This condition together with the minimum principle for harmonic functions shows that
Re(zh′(z)/Q(z)) > 0. Since all the conditions of Lemma 1.2 are fulfilled, it follows that
p(z) ≺ q(z). We complete the proof by showing that
ϕCAR(z) := 1 +
4z
3
+
2z2
3
≺ q(z) + β zq
′(z)
q2(z)
=
1 + z
1− z +
2βz
(1 + z)2
:= h(z).
The subordination ϕCAR(z) ≺ h(z) holds if the following condition holds:∣∣∣∣∣
√
−2 + 12βe
it
(1 + eit)2
+
6(1 + eit)
1− eit − 2
∣∣∣∣∣ ≥ 2 (−pi ≤ t ≤ pi).
Set
w = u+ iv = −2 + 12βe
it
(1 + eit)2
+
6(1 + eit)
1− eit
so that
u = −2 + 3β
cos2(t/2)
and v =
6 cos(t/2)
sin(t/2)
.
Then, substituting these values of u and v, we see that the inequality (3.4) is equivalent
to
3
( 27β3
cos8(t/2)
(β − 8 cos2(t/2)) + 8β
cos2(t/2)
(
45β
cos2(t/2)
+ 27β − 28
)
+
72
sin2(t/2)
(3(β − 4)β − 16) + 432
sin4(t/2)
+ 768
)
≥ 0 (−pi ≤ t ≤ pi).
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Substituting x = cos(t/2), the above inequality becomes f(x) ≥ 0 for all x with 0 ≤ x ≤ 1,
where
f(x) =
1
x8 (1− x2)2
(
27β4
(
1− x2)2 − 216β3 (1− x2)2 x2 + 72β2 (2x4 − 7x2 + 5)x4
− 32β(1− x2) (20x2 + 7)x6 + 48 (1− 4x2)2 x8).
Since g(x) := 2x4 − 7x2 + 5 ≥ g(1) = 0, it follows that f(x) ≥ 0 for β < 0. Hence,
p(z) ≺ q(z).
The three parts of the next example are obtained by taking p(z) = zf ′(z)/f(z), p(z) =
f ′(z) and p(z) = z2f ′(z)/f 2(z) in Theorem 3.9 respectively.
Example 3.10. Let f ∈ A and β ≤ 0.
(1) If the function f satisfies the subordination
zf ′(z)
f(z)
+
βf(z)
zf ′(z)
(
1 +
zf ′′(z)
f ′(z)
− zf
′(z)
f(z)
)
≺ ϕCAR(z),
then f ∈ S∗.
(2) If the function f satisfies the subordination
f ′(z) +
βzf ′′(z)
(f ′(z))2
≺ ϕCAR(z),
then f ′(z) ∈ P.
(3) If the function f satisfies the subordination
z2f ′(z)
f 2(z)
+
βf 2(z)
z2f ′(z)
(
(zf(z))′′
f ′(z)
− 2zf
′(z)
f(z)
)
≺ ϕCAR(z),
then z2f ′(z)/f 2(z) ∈ P.
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